October Math Gems

PROBLEM OF THE WEEK 19

§1 problems

Problem 1.1. What is the length of | XY|

8

answer. First, we can see that the length of EY is 8 — 2R and the length of X F is 6 — 2R.
Therefore the length of XY is equal to /(8 — 2R)% + (6 — 2R)2. Second, we can see that
the area of triangle BC'D is equal to 24, and the area of triangle ABC is equal to the
areas of the triangles AXB, AXD, and XDB. Their areas are 3R, 4R, and 5R. Therefore,
3R+ 4R+ 5R = 24. So, R is 2. We can substitute now in the first equation and get that
the length of XY is 1/20.
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Problem 1.2. Suppose that «, 3, and v are the roots of the equation 234322 —242+1 = 0.
Find the value /a + /B + /7

answer. First, we need to try to factorize the equation. So, we can add 27z to both
sides, and factorize it, which gives us the equation (z + 1)3 = 27z. Taking the cubic
root to both sides we get that ””TH = Jx. Since «, B, and 7 are roots of the original
equation, then they satisfy the equation we just got. Therefore, O‘TH = Ja, % = /B,
and VTH = /7. Summing these all up, we get % = /a+ /B + ¢7. Using the fact
that the sum of the roots of the cubic equation is %b, we see that a+ 8+ v = %3 = -3.
Therefore, /o + \VB—I—V:%:O O

Problem 1.3. In the equation az? + 5z + 2, solve for a so that the equation has exactly
one solution

answer. First, we know that a quadratic function has only on solution if its determinant
is equal to 0. Therefore, b> — 4ac = 0 and a is equal to %. However, this is not the only
solution because if a = 0, the the function becomes linear and has only one solution. So,
the values for a are 0 and % O

Problem 1.4. Given that m = AV/25 + BY5 + C. So, what is the value of

A+ B+ C (A,B, and C are rational numbers).
answer. Let = be equal to /5. We can, then, write the fraction as m We, then,

multiply by i—j We arrive to the following fraction and we can factorize

z—1
(z24z+1)(z—1)’
z—1

the denominator to be (:6:1)3. This is equal to 5/2—1 = %% — %. Therefore, A = 0,

B:%,andC’:_Tl O

Problem 1.5. The leg of a right-angled triangle is equal to é the sum of the other sides,
and the triangle’s perimeter is 1. What is the area of the triangle?

answer. Let us say the sides of the triangle are a, b, and c. Therefore, a + b+ c =1 and
b= %(a + ¢). Substituting this value of b in the first equation, we get the value of b to be
%. Using the Pythagorean theorem, we can substitute with the value of b and substitute
with ¢? = (% —a)?. We get that a = % Therefore, the area of the triangle is % O

Problem 1.6. There are 90 equally spaced dots marked on a circle. Shannon chooses an
integer, n. Beginning at a randomly chosen dot, Shannon goes around the circle clockwise
and colours in every nth dot. He continues going around and around the circle colouring
in every nth dot, counting each dot whether it is coloured in or not, until he has coloured
in every dot. Which of the following could have been Shannon’s integer 7 (3,5,6,7)

answer. First, we can eliminate any even number since Shanon won’t color any odd
number in this way. Second, we can also eliminate 3 and 5 since they are divisible by 90,
which means he will come to 90 and go over the same path again. Therefore, the only
possible choice is 7 ]

Problem 1.7. If 22 = 2023 + vy, y?> = 2023 + z, where x # y and = and y are both real
numbers. Find the value of zy
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answer. First, it is clear that
P —y=y’—z

We can rewrite this as
(z—y)z+y+1)=0

This gives the possibilities of either x = y or  + y = —1; however, x = y contradicts the
givens, which eliminates it. We can substitute « and y with the values

r=-1—y

and
y=—-1—-=2

We get the following equations
2? + 2 —2022 =0
¥ +y—2022=0
We can say that x and y are roots of some function
pP4+p—2022=0

Therefore, their product is equal to

—2022
1

= —2022

Problem 1.8. Solve for real values of x
2V2z +1=2" -1

answer. First, let /2x + 1 be equal to y. Therefore, we can write y in terms of x to be
: 3

= “"332_1, and we can write x in terms of y to be nyl These imply that x = y, which

can be proved geometrically or by contradiction (Hint: Try to see the cases where x >y

and y > x). Therefore, we can write the cubic function

2 —2r—-1=0

This cubic function has the roots of —1 and %, which is our answer O

Problem 1.9. Simplify and prove your answer for real values of x
x = z\5/8—1—3\/214— §/8—3\/21
answer. First, let 8 + 3v/21 = a and 8 — 3v/21 = b. Therefore, we can cube both sides of

the equation and get
2% =a+ b+ 3Va2b+ 3Vb2a

We can write the value ab as (—5)3 (since the value ab is the difference between two
squares) After substituting and simplifying, we get

23 =a+b—15(aVb)

Since z = ¥av/b, we can rewrite the equation as a polynomial of the third degree

22+ 152 — 16 =0

This polynomial has only one real solution which is 1. So, x =1 0
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Problem 1.10. If in triangle ABC we have

:O’

o o9
Qo o
Q0

show that sin® A + sin® B + sin® €' = 3sin A sin Bsin C.

a b c
answer. Since det [ |b ¢ a| | =0, we have a(bc — a?) +b(ca —b*) +c(ab—c?) =0 =
c a b

a3 + b3 + ¢ — 3abc = 0. From the Law of Sines,

a_b_c

k= sinA  sinB sinC

Substituting a = ksin A,b = ksin B,c = ksin C' gives us

E3(sin® A + sin® B 4 sin® C') = 3k sin A sin Bsin C

Therefore,

sin® A + sin® B 4 sin® C' = 3sin A sin Bsin C'
as desired. ]
Problem 1.11. if ABC is a triangle and c?fé, = Cfsc;l = COSB then prove that ABC is
equilateral.

answer. Looks suspiciously like Law of Sines, but with cosines instead. It would be

prudent to use Law of Sines then, perhaps the fact that ¢ = S;HA’? But from the problem,
B A sinA  cosA B

we also have that 7 = ¢=%. we have nB — cosB cosBsinA — cosAsinB = 0

sin(A — B) = 0 Therefore, A = B, and by symmetry, A =B = C. O

Problem 1.12. if 4”’;2“ — Yyt 6Vz2+ and x +y + z = ayz. find x , y and z.

y
answer. Per the intital condition, take x = tan A, y =tan B, z =tanC, A+ B+C =7, so
that ﬁi"f = i;ﬁl"g = thlffg == 31;11,4 SH?B smC But this is just a statement of the
Law of Sines, so A, B and C are angles opposite the side lengths 4, 5 and 6, respectively,

in a triangle. Hence, by the Law of Cosines cos A = J(r5)2(5)42 =2 = sinA= %

_ 62442-52 _ 9 _ 5T _ 5244262 _ 1 : _

cosB = 24(_67)(4) = 16 — SlnA = 6 COSC = 24(_67)(5) = 3 — SIHC =

% Therefore, x = tan A = g, y = tanB = %, z = tanC = 3v/7. Finally,
AR

(x7y7z) = <§7(?3ﬁ> * D

Problem 1.13. Solve in real numbers the following equation: (\f — \/5)’” + (\/3 -
V2)" + (V3 +V2)" + (V6 +V5)" = 32,

answer. Let a = V6 — /5 and b = /3 — v/2 and fl@)=a"+a " +b"+b""—32 f(x) is

an even function increasing over R™ and so decreasing over R~ So at most one real non

negative root and its opposite. And since f(2) = 0 we get the answer |z € {—2,+2}| O
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Problem 1.14. Solve in R the equation
1 1 1 1

2$+x+1+3$—4:c—3_2$—4x—2+x+3$

answer. Common denominator on both sides yields

3 —3rx—242" 3 —3rx—242"

2+ +1)(3* -4z —3) (2® — 4z —2)(xz + 3%)

We see that the numerators are equal, meaning that this equality holds when the

numerator is equivalent to 0, or when the denominators are equal and not 0. Checking

the first case, 3% — 3x — 2 + 2* = 0 in real numbers when x = 0,1. The second case, we

solve as

2"+ 2+ 1)(3° —4x —3) = (2* — 4o — 2)(z + 37)
(27)(37)—(27) (42)—(3)(2°)+(x) (37) —4a” —3x+37 —da—3 = (27)(3")—(42)(3") —(2)(8") +(2) (2") —da’ ~2z
(42)(3%) — (42)(2°) + (2)(3") — (2)(2%) + (3)(3") = 3)(2*) =5z =3 =0
(3*=2"=1)(bx+3)=0

This is true when = = —%, 1. Checking our answers through substitution verifies that our
3
solutions are indeed |x = 0, 1, =l U

Problem 1.15. Find all real numbers a, b, ¢, d such that

a+b+c+d=20,
ab + ac + ad + bec + bd + ¢d = 150.

answer. Let S = ab+ ac + ad + bc + bd + c¢d = 150. We know that (a + b+ c+d)? =
a? + b2+ +d?>+28, 50 a® + b% + ¢ + d? = 400 — 300 = 100.

So we have to find all real numbers a, b, ¢, d such that (1) a + b+ ¢+ d = 20, and (2)
a? + b% + ¢ + d? = 100.

By AM-QM inequality we have that “‘*‘bZCer <4/ “2+b21'62+d2, with equality if and only
ifa=b=c=d.

But these expressions are in fact equal, as they both equal 5. So the only solution is
a=b=c=d=5 O

Problem 1.16. Let ABC be a right-angled triangle with ZABC = 90°, and let D be
on AB such that AD = 2DB. What is the maximum possible value of ZACD?

answer. let BD =1, AD = 2. Consider a ray with vertex B perpendicular to AB. Let O
be a point on the perpendicular bisector of AD, starting at its midpoint and moving in
the direction of the ray. Considering the circle centered at O through A, D, all points on
major arc AD of that circle result in the same value of ZAC D, and this angle decreases
as O moves further away from AD, so our maximum value occurs when the circle is first

tangent to our ray. In this case, by PoP BC? = BD-BA=3 — BC =3 =

ZACD = m

Problem 1.17. In a triangle ABC, /A =2 - /B. Prove that a? = b(b + c).
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answer. Produce CA to K such that CK = (b+ ¢).So, AK = ¢ = AB. From that

it follows that ZAKB = ZABK = /B.So, we have ACBK ~ ACAB — &K —

CB
b
¢n — bto _a — p(htc)=a? O

Problem 1.18.
Prove that :

sin? o — sin? § = sin (a + §) sin (@ — f)

answer. Using the product formulas,

L.H.S =sin(a+ ) sin(a — ) = %(608(25) — cos 2a)

Then, using the double angle formulas, 1 (cos(28) — cos2a) = £ (cos® B —sin? B — cos® o+

)
sin? o)
Thus, the required identity is equivalent to proving that,
2sin? a — 2sin? B = cos? f — sin? B — cos? a + sin® o
But, notice that this is equivalent to proving

2 2

sin? a — sin? B = cos? B — cos? @ = sin® a + cos? o = sin? B + cos® 8
which is clearly true as from the Pythagorean Identities it is equivalent to,
1=1

which is trivially true. ]

Problem 1.19. Determine all pairs (a,b) of real numbers for which there exists a unique
symmetric 2 X 2 matrix M with real entries satisfying trace(M) = a and det(M) = b.

answer. We look at the matrix M = [z ‘Z] .

We want 4+ 2z =a and 22 —y> = b

So z, z are roots of u? —au + (y?> +b) =0
at+/a?—4(y2+b) aF+/a?—4(y2+b)

Thus r = —————— and y = 5

Solutions can only be unique if a? = 4(y? +b) = y = iiwwé—élb where we must have
T=z=3.

However, y will only be unique if a® = 4b, so the solution set is (a,b) = (2t,t?) where
teR. O

Problem 1.20. Determine all pairs (a, b) of non-negative integers such that

ot ab—1.

2
answer. let a > b. Let x = y/a and y = Vb. Then
2 + y2
5 —ay=1
Y
(@ —y)" _
2
(z—y)?=2
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. Then

Va=v2+vb
a=b+2v2b+2

. But a, b, 2 are integers, so 2v/2b is an integer, which means b = 2k? for some non-negative
integer k, and

Va=v2+Vb
= (k+1)V2

So a = 2(k + 1)2. Notice that

b 2(k + 1) + 2k2
“‘; _ Vap = Wk ; R TR =% 42k 4+ 1 =2k + Dk =1,

so it indeed works. Therefore, all such pairs are those of the form (2(k + 1)2,2k?) or
(2k2,2(k + 1)?), for any non-negative integer k. O
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